We analyze fluctuations of particle displacements and stresses in a sheared athermal suspension of deformable particles (red blood cells), covering volume fractions from the dilute up to the deeply jammed regime. Fluctuation variances and relaxation times are found to scale canonically with shear rate in the Newtonian regime and exhibit a characteristic power-law scaling at high shear rates and volume fractions. This scaling behavior is rationalized in terms of a dissipation balance that takes into account the local fluid flows between the particles.
Introduction.-Athermal suspensions of deformable particles, such as blood, occur manifold in nature and technology and a statistical description of these far-fromequilibrium systems is a challenging task. Central to the behavior of these systems is their ability to 'jam', i.e., to acquire a solid-like character above a certain critical particle concentration, yet they remain amorphous in structure [1] . Shearing an athermal suspension typically generates stochastic particle trajectories and leads to an effectively diffusive behavior at long times [2, 3] . Shear-induced diffusion is important for mixing and segregation phenomena, as they occur, for instance, in the flow of blood [4] or in processing of foods and drugs [5] . While shear-induced diffusion is quite well understood for semi-dilute suspensions of rigid particles [6] [7] [8] [9] [10] [11] , soft particle suspensions consisting of vesicles or capsules are largely unexplored [12, 13] . Also, no consensus has been reached in the case of glassy and jammed systems, where a range of predictions and observations for the scaling behavior of diffusivity with shear rate or volume fraction exist [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
In the present work, we study shear-induced diffusion together with the underlying displacement and stress fluctuations in a non-Brownian suspension of aggregation-free red blood cells under wall-driven shear flow. We identify distinct scaling behaviors in the dilute and the jammed regime: in the dilute case, fluctuations typically scale 'canonically' with shear rate, i.e., they follow the predictions from purely dimensional arguments. In contrast, 'anomalous' scaling is observed in the jammed phase. The static and dynamic behavior of the displacement and stress fluctuations is quantitatively explained in terms of a dissipation balance, which links the local shear rate fluctuations to the injected power. Together with simple kinetic arguments, we arrive, for the first time, at a complete characterization of fluctuations and diffusion in a soft-particle suspension, covering volume fractions from the dilute to the dense regime.
Simulations and rheology. method, which has been thoroughly benchmarked [25, 26] and whose details can be found in [27, 28] . The capsules posses a shear and bending elasticity and are approximately area-and volume-incompressible. Particles interact only via hydrodynamics and shortrange repulsive forces, the latter of which are essentially present to avoid direct particle contacts and have been previously shown to be negligible for the rheology [28] . The shear rateγ is imposed by the walls (see Fig. 1a ) and is expressed in terms of the dimensionless capillary number, Ca = η 0γ r/κ S , where η 0 is the bare solvent viscosity, r is the large RBC radius and κ S is the shear-elastic modulus of the capsule. Detailed simulation parameters can be found in Table S1 in the supplementary material [29] . We remark that we do not observe long-time stable shear bands or indications of crystallization.
Theoretical arguments used in this work involve the effective suspension viscosity η, which has been discussed in [28] and is shown again in Fig. 1b . Briefly, one can identify a Newtonian regime (η ∼ const.) for small volume fractions (φ) and Ca, a shear-thinning regime (η ∝ Ca −q with q ≃ 0.5) for large Ca, and a yield-stress regime (η = σ y Ca −1 + bCa −q , with σ y and b being φ-dependent parameters) for large φ and small Ca.
Instantaneous velocity fluctuations.- Fig. 2 shows the variance of the instantaneous velocity fluctuations 2), taking the scale of the particle radius r ≃ 1.75 as a fit parameter. δu 2 y , scaled by the natural time and length scales,γ and r, in vorticity direction (y). Displacements over large strain intervals essentially reflect the behavior of the reduced diffusion constant D/γ, which is discussed below. Here and in the following, averages are performed over time offsets and all particles in the bulk region of the simulation box. The overall scaling behavior is similar in the flow (x) and shear-gradient (z) directions and not separately shown. From Fig. 2a , we note a plateau at low Ca and φ and a characteristic power-law behavior at large Ca and φ. As Fig. 2b shows, the velocity fluctuations grow approximately exponentially with particle concentration up to φ ≃ 0.6 − 0.7, beyond which they saturate or even slightly decrease. Notably, this crossover volume fraction is close to the random-close-packing value of φ c ≃ 0.66 obtained for hard oblate ellipsoids of the same aspect ratio (∼ 0.33) as RBCs [30] . As the reduced instantaneous velocity fluctuation represents a length scale (the zero strain limit of a displacement), the non-monotonic volume fraction dependence is consistent with the notion that the limit φ → φ c , Ca → 0 represents a critical point for an athermal suspension [22, 31] .
Independent from the notion of a critical point, a quantitative and complete description of the velocity fluctuations can be achieved by noting that dissipation occurs predominantly in the fluid (occupying a volume fraction 1 − φ) between the particles (cf. [32] ). The typical shear rate in the gap of characteristic size l between two neighboring particles can be expressed asγ * α ≃ (∆ū α + δu α )/l, where ∆ū α =γl δ αx is the velocity difference due to the affine flow (only in x-direction) and δu α is the velocity fluctuation. Dissipation balance then requires that
α , where the sum runs over all three spatial directions. We emphasize that, while similar dissipation balances have been previously employed to link fluctuations and rheology of jammed model systems [33, 34] , these systems were highly idealized, as particles were point-like and dissipation was implemented via a friction force that mimics the effect of the solvent. In contrast to this, the dynamics of the solvent is explicitly resolved by the lattice Boltzmann part of our simulation methodology. To proceed, we assume that the average flow velocity and its fluctuations are uncorrelated ( ∆ū x δu x = 0) and obtain, as a central result, a relation between the velocity fluctuations and the suspension viscosity
In the case of rigid spherical particles of radius r, the typical interparticle gap size can be estimated as (see
Note that we assumed here a maximal packing fraction of φ max = 1, which, for the present purpose, can be justified by the fact that short-range repulsive forces in our model prevent direct contacts between particles so that interstitial fluid regions are preserved. In Fig. 3 , the gap length l determined directly from our simulation data via eq. (1) is compared to the estimate of eq. (2). Taking r ≃ 1.75 (in lattice units [42] ) as a fit parameter -which we deem admissible given the simplifications in our model -, we observe an impressive agreement over almost the full parameter region studied. In particular, the independence of l on capillary number is correctly reproduced. Consequently, the scaling behavior seen in Fig. 2a is entirely reflecting the scaling of the viscosity via eq. (1) and the power-law exponents at large Ca are identical, δu 2 /γ 2 ∝ Ca −q . We furthermore infer from Velocity relaxation Fig. 4a shows typical examples of the velocity autocorrelation function (VAC), C v (t) = δu y (t) δu y (0) , in the vorticity direction. Despite the negative long-time tail emerging at low volume fractions (which can be attributed to two-particle encounters [10] ), the VAC can be well fitted by a stretched exponential form,
at small strains (i.e., tγ 1). Fig. 4b shows the extracted relaxation time τ v . The observed scaling behavior of τ v can be explained by approximating
where δu 2 1 2 is the typical particle velocity scale and λ denotes the characteristic distance a particle travels before its velocity changes significantly. Assuming λ depends only weakly on Ca, eq. (4) together with eq. (1) predicts τ vγ ∼ const. in the Newtonian and τ vγ ∝ Ca −q/2 in the shear-thinning regime, in approximate agreement with the simulation results (Fig. 4b) . As Fig. 4c shows, while its Ca-dependence is indeed weak, λ varies by up to a factor of five over the range of volume fractions studied. The decrease of λ with φ in the jammed phase is expected, as a higher packing density leads to a reduced mean-free path (kinetic theory would predict λ ∼ 1/φ). The reason for the (albeit slight) increase of λ with φ in the fluid regime, as well as for the behavior of the exponent b (inset to Fig. 4b) , is unclear at present.
Mean-squared displacements and diffusivity. Fig. 5a shows simulation results of typical mean-squared displacements (MSDs), ∆R α (t) 2 = [R α (t) − R α (0)] 2 , with R being the center coordinate of a particle. As generally expected [35] and consistent with previous simulations of non-Brownian suspensions [10, 11] , we observe a 'ballistic' regime ( ∆R α (t) 2 ∝ t n with n ≃ 2) at small strains that crosses over into a diffusive regime ( ∆R α (t) 2 ∝ t) at large strains. At the largest volume fraction studied (φ = 0.9), an exponent of n ≃ 1.7 is found in the ballistic regime, which has been associated with dynamical heterogeneities [20] [21] [22] [23] 36] . We defer a more detailed discussion of these phenomena to a forthcoming work. The diffusivity in vorticity direction, as extracted form linear fits to the MSDs, is plotted in Fig. 5b (the behavior in the shear-gradient direction is similar). To rationalize the observed scaling behavior, we invoke the principal connection between the diffusivity and the VAC,
where Γ is the Gamma-function and we have made use of eqs. indeed recovered in the present simulations, as Fig. 5b shows. The canonical scaling D ∝γ at low φ is characteristic for the purely hydrodynamic limit, where the external shear rate provides the only time scale of the problem [3, 8, 11] . In contrast, in the jammed case, non-hydrodynamic effects, such as particle deformability [37, 38] , become relevant and give rise to anomalous scaling of the fluctuations as well as of the viscosity. Note that the diffusivity is a non-monotonic function of φ and reaches its maximum near the randomclose-packing value of φ c ≃ 0.66, consistent with the idea of critical jamming point. For comparison, experiments on RBCs in quasi-2D pressure-driven flow [12] obtained D/(γr 2 ) ≃ 0.05 at Ca ≃ 0.008 and φ ≃ 0.33, which is of similar magnitude to our results.
Stress fluctuations. -Fig. 6a shows the root-meansquare of the particle stress fluctuations δσ 
Assuming that d σ varies only weakly over the studied parameter range -which is indeed confirmed by our simulations (see Fig. S1 in [29] ) -we find, using eq. (1), that σ 2 ∼ σ . The coupling between stress and velocity relaxation furthermore suggests that the stress relaxation time τ σ scales in a similar way as τ v (see Fig. 4b ). This is indeed corroborated in Fig. 6b , where τ σ has been determined from fits of a stretched exponential decay to the stress autocorrelation function δσ xy (t) δσ xy (0) at small strains. A more detailed discussion of stress fluctuations will be presented elsewhere.
Summary and outlook.-We have given a complete characterization of static and dynamic fluctuations of particle displacements and stresses in a sheared suspension of aggregation-free deformable particles. Fluctuations are essentially governed by the effective viscosity and follow a dissipation balance that takes explicitly into account the local shear-rate fluctuations in the solvent. In agreement with the simulation results, the dependence on shear rateγ of the velocity fluctuations δu at large volume fractions, with η being the effective viscosity. Notably, the tumbling-to-tank-treading transition [27] does not appear to play a dominant role.
The generality of our arguments suggest that our results are applicable to other types of soft particle suspensions as well. In particular, the dissipation balance can be easily extended to include further dissipation mechanisms, such as membrane viscosity [39] or contact friction [40] . Within the presently covered parameter region, the yield stress is small and clear effective power-laws could be identified. For future work, it will be interesting to check our predictions further in the quasistatic regime. Here, finite-size effects are expected to be relevant [16, 41] and the reduced fluctuation variances might cross over to another plateau.
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For spheres of radius r and volume V p = (4/3)πr 3 , the typical distance l between the surfaces of the particles can then be estimated as
where c = (π/6) 1/3 ≈ 0.81. Due to particle deformability and the fact that finite interparticle gaps are ensured by the short-range repulsive forces in the present model, it appears justified to assume l = 0 at φ = 1, which requires taking c = 1 in eq. (S2).
Stress evaluation
To gain access to the local particle stress, we employ the stresslet approach due to Batchelor [4] . While this method has been adapted previously to compute average stresses in capsule or vesicle suspensions [2, 3, 5, 6] , we show in the following that it allows one also to gain access to the fluctuating stress of each particle. As usual, the total average suspension stressσ (usually denoted simply by σ) is split into a contribution due to a homogeneously sheared background fluid and particles,
Here,p is the average suspension pressure andĒ is the average rate-of-strain tensor. The average particle stressσ P consists in the present model of a contribution from elastic membrane forces and interaction forces between different particles,σ
where the sum runs over all N particles. In the case of liquid filled membranes with equal inner and outer viscosities, the elastic particle stress is given by [5, 6] σ P,el
where the sum runs over all membrane vertices i k of the particle k. Here, V p = V /N is the effective volume per particle and f el is the elastic force exerted by the membrane on the fluid (see [1] [2] [3] ). The stress contribution from the short-range interaction forces f int i k jn between membrane vertices i k and j n of two neighboring particles k and n is accounted for by the stresslet σ P,int
where i k and j n run over all vertices of the two capsules and d imjn is the distance between two such vertices. Note that expressing the particle stress as the first moment of surface forces relies on the assumption that the cells are force free in total: While, in the case of f el , this holds for each cell k, i k f as the stress of each individual particle.
